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Abstract—In this paper, we consider the time-varying
Bayesian optimization problem. The unknown function at
each time is assumed to lie in an RKHS (reproducing
kernel Hilbert space) with a bounded norm. We adopt
the general variation budget model to capture the time-
varying environment, and the variation is characterized by
the change of the RKHS norm. We adapt the restart and
sliding window mechanism to introduce two GP-UCB type
algorithms: R-GP-UCB and SW-GP-UCB, respectively.
We derive the first (frequentist) regret guarantee on the
dynamic regret for both algorithms. Our results not only
recover previous linear bandit results when a linear kernel
is used, but complement the previous regret analysis of
time-varying Gaussian process bandit under a Bayesian-
type regularity assumption, i.e., each function is a sample
from a Gaussian process.

I. INTRODUCTION

We consider the online black-box optimization of an
unknown function f with only bandit feedback. At each
time t, one query point xt is selected and the (noisy)
corresponding evaluation (reward) yt is then observed.
The objective is to find the optimal point using a minimal
number of trials. This model is ubiquitous in bandit
learning problems under various assumptions. For in-
stance, when the domain is a finite set with independent
actions (points), this is the typical multi-arm bandit
(MAB) problem [1]. If the unknown reward function
is linear, this represents the standard linear bandit prob-
lem [2]. In Bayesian optimization, the unknown function
could be arbitrary (e.g., non-linear and non-convex). Un-
der a Bayesian-type regularity assumption, the unknown
function is assumed to be a sample from a Gaussian
process (and hence also often called Gaussian process
bandit) [3]. Another popular regularity assumption is a
frequentist-type view. That is, the unknown function is
a fixed function in an RKHS with a bounded norm [4].

This versatile model of online decision making has
found many successful real-life applications, such as
recommendation system, dynamic pricing, and network
resource allocation. The standard application of this
model often assumes that the unknown function f is
fixed, which is, however, typically not the case in real-

life scenarios. For instance, in the dynamic pricing
problem, f often represents the market environment,
which definitely evolves with time. Another intriguing
example is the dynamic resource allocation in wireless
communications, where the channel conditions change
with time due to fading.

To this end, non-stationary bandit learning has recently
drawn significant interest. In MAB, a variety of works
have studied either abrupt changes or slowly changing
distributions [5], [6]. In the stochastic linear bandit set-
ting, [7] takes the first attempt by considering a general
variation budget model (i.e.,

∑T−1
t=1 ‖θt − θt+1‖ ≤ PT ),

which is able to capture both abruptly-changing and
slowly-changing environments. Under this model, the
authors propose a sliding window UCB-type algorithm.
Later, under the same model, [8] proposes a weighted-
UCB algorithm and [9] introduces a simple restarting
UCB algorithm. Recently, [10] has pointed out a key
common gap in the analysis of the three works above
on linear bandits (i.e., [7]–[9]). After fixing the gap,
the regret bound of all three algorithms is on the order
of Õ

(
d7/8T 3/4(1 + PT )1/4

)
, where d is the dimension

of the action space and PT is the total variation bud-
get. In the case of a general non-linear function, [11]
considers the GP bandit setting where each function ft
is a sample from a GP (i.e., Bayesian-type regularity)
and establishes both lower and upper bounds. However,
Bayesian optimization under a frequentist-type regularity
with time-varying functions remains untouched. In fact,
it was stated as one interesting future direction to explore
in [11].

Motivated by this, in this paper, we consider a time-
varying Bayesian optimization under a frequentist-type
regularity. That is, the smoothness of the unknown time-
varying functions ft is indicated by the corresponding
RKHS norm. The time-varying environment is also cap-
tured by the RKHS norm by

∑T−1
t=1 ‖ft − ft+1‖H ≤

PT . Under this regularity assumption and time-varying
model, we made the following contributions.
• We adapt the restarting-UCB and sliding window

UCB algorithm in linear bandits to the GP ban-



dit setting. We call them R-GP-UCB1 and SW-
GP-UCB. We derive the first (frequentist) regret
guarantee on the dynamic regret of both algo-
rithms. For a known PT , both enjoy regret bound
Õ(γ

7/8
T (1+PT )1/4T 3/4), and when PT is unknown,

the regret bound is Õ(γ
7/8
T (1+PT )T 3/4), where γT

is the maximum information gain.
• Our regret bounds include previous linear bandit

(e.g., [7]–[9]) results as special case by choosing
a linear kernel for the RKHS, under which γT =
O(d lnT ). Moreover, our results also complement
the regret bounds under the Bayesian-type regular-
ity assumptions in [11].

II. PROBLEM STATEMENT AND PRELIMINARIES

We consider the time-varying Bayesian optimization
using the sequential decision-making model. Under this
model, in each time t = 1, 2, . . ., the learning agent
sequentially chooses a query point xt ∈ X ⊂ Rd, and
obtains a noisy evaluation

yt = ft(xt) + ηt,

where ft : X → R is the unknown function that
could vary with time, and ηt is the zero-mean noise.
In particular, the query point xt is chosen based on
query points and rewards up to time t − 1. The noise
sequence {ηs}∞s=1 is conditionally R-sub-Gaussian for a
fixed R ≥ 0, i.e.,

∀t ≥ 1, ∀λ ∈ R, E
[
eληt | Ft−1

]
≤ exp(

λ2R2

2
),

where Ft−1 = σ({xτ , yτ}t−1τ=1, xt) is the σ-algebra
generated by the events so far.

Regularity Assumptions. In contrast to [11], we con-
sider a non-Bayesian regularity condition in this paper.
That is, for each time t, ft is allowed to be an arbitrary
function in a RKHS with a bounded norm. Specifically,
the RKHS is denoted by Hk(X ), which is completely
determined by the corresponding chosen kernel function
k : X × X → R. For any function g ∈ Hk(X ), it
satisfies the reproducing property: g(x) = 〈g, k(·, x)〉H,
where 〈·, ·〉H is the inner product defined on Hk(X ). We
assume that ‖ft‖H ≤ B for all t ≥ 1, and the domain
X is compact. The kernel function k is a continuous
kernel with respect to a finite Borel measure ν whose
support is X , and k(x, x) ≤ 1. The assumptions hold
for practically relevant kernels (cf. [12]).

Time-varying Assumptions. We assume that the total
variation of ft satisfies the following budget

T−1∑
t=1

‖ft+1 − ft‖H ≤ PT .

One nice feature of this variation budget model is that
1Note that R-GP-UCB was first proposed in [11] and analyzed in

the Bayesian regularity condition.

it includes both slowly-changing and abruptly-changing
environments.

The objective is to minimize the following dynamic
regret given the total variation budget

R(T ) :=

T∑
t=1

max
x∈X

ft(x)− ft(xt),

which is the cumulative regret against the optimal
strategy that has full information of unknown varying
functions.

To design our learning strategy, we will adopt a
surrogate model, which helps us to update the estimate
and uncertainty of the underlying function after each
new query. In particular, we will use a GP prior and
Gaussian likelihood, which is specified below. Note that,
this surrogate model is only used for the algorithm
design. That is, it will not affect the fact that each ft is
an element in RKHS and the noise is allowed to be sub-
Gaussian. This is often termed as the agnostic setting [3].

Surrogate Model. We use GP(0, k(·, ·)) as an initial
prior on the unknown black-box function ft, and a
Gaussian likelihood with the noise variables ηt drawn
independently across t from N (0, λ). Conditioned on
a set of observations Ht = {(xs, ys), s ∈ [t]}, by the
properties of GPs [13], the posterior distribution over f
is GP(µt(·), kt(·, ·)), where

µt(x) = kt(x)T (Kt + λI)−1Yt (1)

kt(x, x
′) = k(x, x′)− kt(x)T (Kt + λI)−1kt(x

′)

σ2
t (x) = kt(x, x), (2)

in which Yt is the reward vector [y1, y2, . . . , yt]
T ,

kt(x) = [k(x1, x), . . . , k(xt, x)]T , and Kt =
[k(u, v)]u,v∈Ht . Therefore, for every x ∈ X , the poste-
rior distribution of f(x), given Ht is N (µt(x), σ2

t (x)).
The following term (named maximum information gain)
often plays a key role in the regret bounds of GP based
algorithms.

γt := γt(k,X ) = max
A⊂X :|A|=t

1

2
ln |It + λ−1KA|, (3)

where KA = [k(x, x′)]x,x′∈A. It is a function of the
kernel k and domain X . For instance, if X is compact
and convex, then we have γt = O((ln t)d+1) for kSE,
O(t

d(d+1)
2ν+d(d+1) ln t) for kMatérn, and O(d ln t) for a linear

kernel [3].

III. MAIN RESULTS

In this section, we first introduce two Bayesian optimiza-
tion algorithms based on GP-UCB for time-varying envi-
ronments, followed by the corresponding upper bounds
on the dynamic regret.

A. Algorithms

The two algorithms basically implement the restart and
sliding window mechanism in the GP setting. Specifi-



Algorithm 1: R-GP-UCB
Input: Prior GP(0, k), parameters B,R, λ, δ,

reset interval H
1 Initialization: β0 = 0, µ(x) = 0 and

σ0(x) = 0 ∀x ∈ X
2 for t = 1, 2, 3, . . . , T do
3 if t mod H = 1 then
4 Reset to the initialization state, i.e., t0 = t

5 set βt = B +R
√

2(γt−t0 + 1 + ln(1/δ))
6 xt = arg maxx∈X µt−1(x) + βtσt−1(x)
7 choose xt, observe reward yt
8 Use only the samples since t0 to update µt

and σt via (1) and (2)

cally, the first algorithm (Algorithm 1) is simply restart
a GP-UCB type algorithm ((i.e., IGP-UCB in [4])) every
H time steps, named R-GP-UCB. The intuition is clear:
since the environment is chaning, we might need to
discard our old estimates and restart to build our new
estimates. The second algorithm (Algorithm 2) is based
on the sliding window technique. That is, it only uses
the most recent w samples for estimations.

As we mentioned before, the design ideas behind both
algorithms are not new as they have been considered in
the linear bandit or the Gaussian process bandit setting.
Our key contribution is to derive the first (frequentist)
regret guarantee on the dynamic regret in the agnostic
GP setting.

B. Regret Bounds

In this section, we show that with a proper choice of
the algorithm parameters (reset interval H and sliding
window size w), both algorithms can achieve sub-linear
dynamic regrets.
Theorem 1. R-GP-UCB with a reset interval H achieves
a high probability regret bound for probability parameter
δ ∈ (0, 1),

R(T ) = O

(
√
γHH

3/2PT + β(δ)T

√
γH
H

)
,

where β(δ) =
(
B + 1√

λ
R
√

2γH + 2 ln(1/δ)
)

.

Theorem 2. SW-GP-UCB with a window size w
achieves a high probability regret bound for probability
parameter δ ∈ (0, 1),

R(T ) = O

(
√
γww

3/2PT + βT (δ)T

√
γw
w

)
,

βT (δ) =
(
B + 1√

λ
R
√

2γw + 2 ln(T/δ)
)

.
Remark. (1) From Theorems 1 and 2, we can see R-GP-
UCB and SW-GP-UCB share similar regret bounds, with
the difference being the β term. The additional T factor
in βT (δ) comes from the information loss due to the

Algorithm 2: SW-GP-UCB
Input: Prior GP(0, k), parameters B,R, λ, δ,

window size w.
1 Initialization: β0 = 0, µ(x) = 0 and

σ0(x) = 0 ∀x ∈ X
2 for t = 1, 2, 3, . . . , T do
3 set βt = B +R

√
2(γt∧w + 1 + ln(1/δ))

4 xt = arg maxx∈X µt−1(x) + βtσt−1(x)
5 choose xt, observe reward yt
6 Use only the samples between

t0 = 1 ∨ (t− w) and t to update µt and σt
via (1) and (2)

sliding window. (2) In the case of a known PT , one can
set H(or w) = Õ(γ

1/4
T (T/PT )1/2) to achieve a dynamic

regret Õ(γ
7/8
T (1 + PT )1/4T 3/4). (3) For an unknown

PT , one can set H(or w) = Õ(γ
1/4
T T 1/2) to achieve a

dynamic regret Õ(γ
7/8
T (PT + 1)T 3/4). (4) These results

directly recover the results for linear bandits by choosing
a linear kernel, the γT of which is O(d lnT ).

IV. PROOFS OF THEOREMS

In this section, we present the proofs for Theorems 1
and 2. Compared to previous works on linear bandits,
the main challenge of our proofs is that the feature
map associated with the kernel function could be infinite
dimension. As a result, previous finite-dimension results
cannot be directly applied since the regret bounds there
grow to infinity with d. To this end, one possibility is
resort to the general operator theory and establish results
that hold for a general separable Hilbert space as in [14].
Here, instead we will directly focus on RKHS and derive
our results with an explicit (infinite) feature map enabled
by Mercer’s theorem. Note that, even this explicit feature
map is not necessary (e.g., one can directly use k(·, x)
as an implicit feature map as in [4], [15]). We choose
to directly focus on RKHS and use the explicit feature
map because it directly helps to reveal the connections
between linear bandits and Gaussian process bandits.

A. Mercer Representation

The following version of Mercer’s theorem is adapted
from Theorem 4.1 and 4.2 in [16], which roughly says
that the kernel function can be expressed in terms of the
eigenvalues and eigenfunctions under mild conditions.

Theorem 3. Let X be a compact metric space, k : X ×
X → R be a continuous kernel with respect to a finite
Borel measure ν whose support is X . Then, there is an
at most countable sequence (λi, φi)i∈N, where λi ≥ 0
and limi→∞ λi = 0 and {φi} forms an an orthonormal



basis of L2,ν(X ), such that

k(x, x′) =
∑
i∈N

λiφi(x)φi(x
′), x, x′ ∈ X ,

where the convergence is absolute and uniform over
x, x′ ∈ X . Further, the RKHS of k is given by

H =

{
f =

∑
i∈N

θi
√
λiφi : ‖f‖H :=

∑
i∈N

θ2i <∞

}
,

and the inner-product is given by 〈f, g〉H =
∑
i∈N αiβi,

for f =
∑
i∈N αi

√
λiφi and f =

∑
i∈N βi

√
λiφi.

Based on this result, we can explicitly define a feature
map as ϕ(x) = (ϕ1(x), ϕ2(x), . . .) where ϕi =

√
λiφi.

Given a θ = (θ1, θ2, . . .), we denote θTϕ(x) = 〈θ, ϕ(x)〉
for
∑
i∈N θiϕi(x) similar to the finite case. Therefore,

we have k(x, y) = ϕ(x)Tϕ(y), and more importantly,
f(x) = θTϕ(x) for f =

∑
i∈N θiϕi and ‖f‖2H =

‖θ‖2 :=
∑
i∈N θ

2
i . From this, one can easily see that

the linear bandit in the finite dimension is just a special
case of this general formulation.

We will also introduce some basic notations by using
the feature map. For any fs ∈ H, we let θs denotes its
corresponding parameter such that ‖f‖H = ‖θs‖2. Given
a set {x1, x2, . . . , xt} ∈ X , we define a t ×∞ matrix2

Φt such that ΦTt = (ϕ(x1), ϕ(x2), . . . , ϕ(xt)). We also
introduce the (infinite) design matrix Vt = ΦTt Φt + λI
and noise vector Nt = (η1, . . . , ηt). For a positive
definite matrix V , We also define the inner product
〈·, ·〉V := 〈·, V ·〉 with the corresponding norm as ‖·‖V .

B. Proof of Theorem 1

In this section, we present the proof for Theorem 1.
Comparing this proof with the linear bandit case, one
can gain more insight on the connections between them.

We will first establish the following bound on the
estimate µt in terms of σt under R-GP-UCB.
Lemma 1. Let t0 be the most recent restart time before
a given time t ≥ t0, then for any δ ∈ (0, 1), with
probability at least 1 − δ, the following holds for any
x ∈ X and any t ≥ t0,

|µt−1(x)− ft(x)| ≤ 1

λ

√
H2(1 + λ)γH

t−1∑
s=t0

‖fs − fs+1‖H

+ βtσt−1(x),

where βt =
(
B + 1√

λ
R
√

2γt−t0 + 2 ln(1/δ)
)

.

Now, let x∗t = maxx∈X ft(x) and ξH :=
1
λ

√
H2(1 + λ)γH . Then, based on Lemma 1, for any

δ ∈ (0, 1), we have with probability at least 1− δ,
rt = ft(x

∗
t )− ft(xt)

2Note that, in most cases of our proof, we can safely use linear
algebra for the infinite matrices that come up, since all of them
are compact operators (and hence a well-established spectral theory).
Some are even Hilbert-Schmidt or trace-class operators, which can be
arbitrarily approximated by sufficient ‘large’ matrices, see [17].

(a)

≤ µt−1(x∗t ) + ξH

t−1∑
s=t0

‖fs − fs+1‖H + βtσt−1(x∗t )− ft(xt)

(b)

≤ µt−1(xt) + ξH

t−1∑
s=t0

‖fs − fs+1‖H + βtσt−1(xt)− ft(xt)

(c)

≤ 2ξH

t−1∑
s=t0

‖fs − fs+1‖H + 2βtσt−1(xt)

(d)
= 2ξH

t−1∑
s=t0

‖fs − fs+1‖H + 2
√
λβt ‖ϕ(xt)‖V −1

t−1

(e)

≤ 2ξH

t−1∑
s=t0

‖fs − fs+1‖H + 2
√
λβ(δ) ‖ϕ(xt)‖V −1

t−1

where (a) and (c) follow from Lemma 1; (b) follows
from the UCB-type algorithm; (d) holds by Claim 1,
where Vt = λI + ΦTt Φt and ΦTt = (ϕ(xt0), . . . , ϕ(xt)),
t0 is the most recent rest time slot before t; in (e),
β(δ) =

(
B + 1√

λ
R
√

2γH + 2 ln(1/δ)
)

. Thus, we have
the following regret bound,

R(T ) ≤ 2H3/2PT
√
γH +

√
λβ(δ)

T∑
t=1

‖ϕ(xt)‖V −1
t−1

.

The sum
∑T
t=1 ‖ϕ(xt)‖V −1

t
needs further analysis. Note

that we can divide the time horizon into blocks of size
H , and reset starts at the beginning of each block.

T∑
t=1

‖ϕ(xt)‖V −1
t
≤
T/H−1∑
k=0

(k+1)H∑
t=kH+1

‖ϕ(xt)‖V −1
t−1

,

where for all t ∈ [kH + 1, (k + 1)H], t0 = kH + 1.
Thus, for each block, we have by Lemma 4 in [4],

√
λ

(k+1)H∑
t=kH+1

‖ϕ(xt)‖V −1
t−1
≤
√

4(H + 2)γH .

Putting everything together, yields R(T ) =
O
(√
γHH

3/2PT + β(δ)T
√

γH
H

)
.

Proof of Lemma 1 . By a slight abuse of notation,
here kt(x) = [k(xt0 , x), . . . , k(xt, x)]T and Kt =
[k(xu, xv)]u,v∈{t0,...,t}. That is, we only use the samples
starting from the most recent reset to calculate µt and σt.
Let ΦTt = (ϕ(xt0), . . . , ϕ(xt)), then the mean estimate
µt(x) can be rewritten as

µt(x) = kt(x)T (Kt + λI)−1Yt

= [Φtϕ(x)]T (ΦtΦ
T
t + λ)−1Yt

= 〈ϕ(x), (ΦTΦt + λI)−1ΦTt Yt〉,
where the last equality we have used the fact (ATA +
λI)−1AT = AT (AAT +λI)−1, which holds by Lemma
3 of [18]. Recall that ft(x) = 〈θt, ϕ(x)〉 where θt is the
parameters of ft. Combining this with the result above,
yields |ft(x) − µt−1(x)| = |〈ϕ(x), θt − θ̂t−1〉|, where
θ̂t−1 = V −1t−1ΦTt−1Yt−1. Note that, the term θ̂t−1 − θt



can be rewritten as
θ̂t−1 − θt

=V −1t−1

(
t−1∑
s=t0

ϕ(xs)ϕ(xs)
T (θs − θt)

)
+ V −1t−1ΦTt−1Nt−1

− λV −1t−1θt.

Thus, by the triangle inequality, we have
|ft(x)− µt−1(x)|

≤
∣∣∣〈ϕ(x),ΦTt−1Nt−1〉V −1

t−1

∣∣∣+ λ
∣∣∣〈ϕ(x), θt〉V −1

t−1

∣∣∣ (4)

+

∣∣∣∣∣〈ϕ(x), V −1t−1

(
t−1∑
s=t0

ϕ(xs)ϕ(xs)
T (θs − θt)

)
〉

∣∣∣∣∣ .
(5)

From the above, we can see (5) is the additional term
due to time-varying environments. We now turn to bound
each term, respectively. The second term in (4) can be
easily bounded under the boundedness assumptions.

λ
∣∣∣〈ϕ(x), θt〉V −1

t−1

∣∣∣ ≤ λ ‖ϕ(x)‖V −1
t−1

∥∥∥V −1/2t−1 θt

∥∥∥
≤
√
λB ‖ϕ(x)‖V −1

t−1
, (6)

where the last inequality follows from V −1t−1 � λ−1I ,
and ‖θt‖ = ‖ft‖H ≤ B. For the first term in (4), we
can bound it by using the RKHS-valued self-normalized
inequality (e.g., Lemma 7 in [18]). First, let Ṽt−1 =
Vt−1/λ, and hence we have3∣∣∣〈ϕ(x),ΦTt−1Nt−1〉V −1

t−1

∣∣∣
=

1

λ
‖ϕ(x)‖Ṽ −1

t−1

∥∥∥∥∥
t−1∑
s=t0

ηsϕ(xs)

∥∥∥∥∥
Ṽ −1
t−1

≤ 1

λ
‖ϕ(x)‖Ṽ −1

t−1

√
2R2λ ln

(
det(Ṽt−1)1/2/δ

)
. (7)

Then, by applying Claim 1 below to (6) and (7), we
can upper bound (4) as

(4) ≤ σt−1(x)

(
B +

1√
λ
R
√

2γt−t0 + 2 ln(1/δ)

)
.

(8)
Claim 1. The following equations hold for all t ≥ t0.

λ ‖ϕ(x)‖2V −1
t

= σ2
t (x)

‖ϕ(x)‖2Ṽ −1
t

= σ2
t (x)

ln(det(Ṽt)) ≤ 2γt−t0 ≤ 2γH .

Now, to bound (5), we will follow similar arguments
in [7]. In particular, we have

(5)
(a)

≤

∥∥∥∥∥V −1t−1

(
t−1∑
s=t0

ϕ(xs)ϕ(xs)
T (θs − θt)

)∥∥∥∥∥
3Note that the main purpose of defining Ṽt−1 here is to make

sure that det(Ṽt−1) is well-defined. This is because 1
λ

ΦTt Φt is a
trace-class operator, and hence det(I + 1

λ
ΦTt Φt) is well defined via

Fredholm determinant.

=

∥∥∥∥∥V −1t−1

(
t−1∑
p=t0

p∑
s=t0

ϕ(xs)ϕ(xs)
T (θp − θp+1)

)∥∥∥∥∥
≤

t−1∑
p=t0

∥∥∥∥∥V −1t−1

p∑
s=t0

ϕ(xs)ϕ(xs)
T (θp − θp+1)

∥∥∥∥∥
(b)

≤ 1

λ

√
H2(1 + λ)γH

t−1∑
p=t0

‖fp − fp+1‖H , (9)

where (a) follows from ‖ϕ(x)‖ =
√
k(x, x) ≤ 1;

(b) follows from the following claim and the fact that
‖θp − θp+1‖ = ‖fp − fp+1‖H.

Claim 2. For any t0 ≤ p ≤ t − 1, the operator norm
satisfies∥∥∥∥∥V −1t−1

p∑
s=t0

ϕ(xs)ϕ(xs)
T

∥∥∥∥∥ ≤ 1

λ

√
2H(1 + λ)γH .

Combining the bounds in (8) and (9), yields the final
result of Lemma 1. We are left to present proofs for the
claims. The results in the first claim are standard (cf.
Appendix in [18]). We give a proof for Claim 2.

Proof of Claim 2. Previous works (including [7]–[9])
all bound the LHS of Claim 2 by one, which is not true
as shown in [10]. To address this gap, we follow the key
idea in [10] with slight modifications in step (c) below
to handle the possibly infinite dimension in our case.

Denote the unit ball B(1) = {z| ‖z‖ = 1}. Then, we
have ∥∥∥∥∥V −1t−1

p∑
s=t0

ϕ(xs)ϕ(xs)
T

∥∥∥∥∥
= sup
z∈B(1)

∣∣∣∣∣zTV −1t−1

(
p∑

s=t0

ϕ(xs)ϕ(xs)
T

)
z

∣∣∣∣∣
(a)

≤ ‖z∗‖V −1
t−1

∥∥∥∥∥
(

p∑
s=t0

ϕ(xs)ϕ(xs)
T

)
z

∥∥∥∥∥
V −1
t−1

≤ ‖z∗‖V −1
t−1

∥∥∥∥∥
p∑

s=t0

ϕ(xs) ‖ϕ(xs)‖ ‖z‖

∥∥∥∥∥
V −1
t−1

≤ 1√
λ

∥∥∥∥∥
p∑

s=t0

ϕ(xs)

∥∥∥∥∥
V −1
t−1

(b)

≤ 1√
λ

p∑
s=t0

‖ϕ(xs)‖V −1
t−1

(c)

≤ 1

λ

p∑
s=t0

σs−1(xs)

(d)

≤ 1

λ

√√√√H

p∑
s=t0

σ2
s−1(xs)

(e)

≤ 1

λ

√
H2(1 + λ)γH



where in (a) z∗ is the optimizer; (b) holds by ‖x‖V −1
t−1
≤

‖x‖ /
√
λ and ‖z‖ = 1 and ‖ϕ(xs)‖ ≤ 1; (c) follows

from the fact that V −1t−1 � V
−1
s−1 and Claim 1; (d) follows

from Cauchy–Schwarz inequality since p− t0 is at most
H; (e) holds by

∑p
s=t0

σ2
t−1(xs) ≤ 2(1 + λ)γH by

Lemma 6 in [18]. Note that this holds because σt−1 in
our case is only updated via data points starting from t0
and the fact that p− t0 ≤ H .

Proof of Claim 1. We begin with the first equation.
Note that (ΦTt Φt + λI)ϕ(x) = ΦTt kt(x) + λϕ(x).
Combining this with the fact that (ΦTt Φt + λI)−1ΦTt =
ΦTt (ΦtΦ

T
t + λI)−1, yields

ϕ(x)

=ΦTt (ΦtΦ
T
t + λI)−1kt(x) + λ(ΦTt Φt + λI)−1ϕ(x).

This directly leads to
λ ‖ϕ(x)‖2V −1

t

=λϕ(x)T (ΦTt Φt + λI)−1ϕ(x)

=k(x, x)− kt(x)T (Kt + λI)−1kt(x)

=σ2
t (x).

which proves the first equation. The second equation
follows directly from the first one. To prove the third
equation, first note that

ln det(Ṽt) = ln det(I +
1

λ
ΦTt Φt)

= ln det(I +
1

λ
ΦtΦ

T
t )

= ln det(I +
1

λ
Kt).

Recall the definition of γt in (3), we now have
ln det(Ṽt) ≤ 2γt−t0 ≤ 2γH .

C. Proof of Theorem 2

The proof shares great similarity with the proof of
Theorem 1. However, as pointed out by [8], due to the
sliding window feature, one cannot directly apply the
standard self-normalized inequality. We adopt the same
trick proposed in [8] to handle this. The challenge here
is to handle the possibly infinite dimension. To this end,
we will apply Fatou’s lemma. We first have the following
bound. Due to the information loss by sliding window,
there is a T factor in the β term.
Lemma 2. For any δ ∈ (0, 1), with probability at least
1− δ, the following holds for any x ∈ X and any t ≥ 1,

|µt−1(x)− ft(x)| ≤
t−1∑
s=t0

‖fs − fs+1‖H + βtσt−1(x),

where βt =
(
B + 1√

λ
R
√

2γt∧w + 2 ln(T/δ)
)

.
Proof. The key difference compared to Lemma 1 is

a new bound on
∥∥∥∑t−1

s=t0
ηsϕ(xs)

∥∥∥
Ṽ −1
t−1

, where t0 =

max(1, t − w). We denote St−1 =
∑t−1
s=t0

ηsϕ(xs),
following the trick in [8] to handle the informa-
tion loss due to sliding window, we further define
V̂u−1 =

∑u−1
s=1∨t−w(1/λ)ϕ(xs)ϕ(xs)

T + I , Ŝu−1 =∑u−1
s=1∨t−w ηsϕ(xs) and M̂u−1(q) = exp( 1√

λ
qT Ŝu−1 −

R2

2λ q
T V̂u−1(0)q), where V̂u−1(0) = V̂u−1 − I . Note that

by these definitions, Ŝt−1 = St−1 and V̂t−1 = Ṽt−1.
We then take an infinite Gaussian random sequence
(independent of all other randomness) Q ∼ N(0, I), and
define Mu−1 = E

[
M̂t−1(Q)

]
. By standard martingale

arguments and sub-Gaussian noise assumption, we have
E [Mt−1] ≤ 1. We now take a finite approximation by us-
ing the first d dimension of the feature map. In particular,
we denote by Qd,Mu−1,d, Ŝu−1,d and V̂u−1,d truncated
versions. Clearly, E [Mt−1,d] ≤ 1 for all d. Moreover, we
can take the finite-version result for Mt−1,d in [8]. That
is, Mt−1,d = 1

det(Ṽt−1,d)1/2
exp( 1

2R2λ ‖St−1,d‖
2
Ṽ −1
t−1,d

).
Now, by using Fatou’s lemma, we can obtain that

P

 lim
d→∞

‖St−1,d‖2Ṽ −1
t−1,d

2R2λ ln(det(Ṽt−1,d)1/2/δ)
≥ 1


≤E

 lim
d→∞

δ exp( 1
2R2λ ‖St−1,d‖

2
Ṽ −1
t−1,d

)

det(Ṽt−1,d)1/2


≤δ lim

d→∞
E [Mt−1,d] ≤ δ.

Due to the sliding window, we cannot apply the the
standard ‘stopping time’ trick. Instead, we use union
bound to obtain, for any t ≥ 1, with probability at least
1− δ, ‖St−1‖2Ṽ −1

t−1
≤ 2R2λ ln(det(Ṽt−1,d)

1/2T/δ).
Now, following the same steps as in Theorem 1, we

obtain

R(T ) ≤ 2HPT +
√
λβT (δ)

T∑
t=1

‖ϕ(xt)‖V −1
t−1

,

where Vt−1 =
∑t−1
s=1∨t−w ϕ(xs)ϕ(xs)

T + λI . Similar
to the procedure in the proof of Theorem 1, we have∑T
t=1 ‖ϕ(xt)‖V −1

t
≤
∑T/w−1
k=0

∑(k+1)w
t=kw+1 ‖ϕ(xt)‖V −1

t−1
.

Let W (k)
t−1 =

∑t−1
s=kw+1 ϕ(xs)ϕ(xs)

T +λI (which is the
Vt−1 in the proof of Theorem 1), and hence for t ∈
[kw, (k+1)w], V −1t−1 �W

(k)
t−1. Hence, we can now follow

the remaining steps in Theorem 1 to obtain

R(T ) = O

(
wPT + βT (δ)T

√
γw
w

)
.

V. CONCLUSION

We studied the black-box bandit optimization under a
time-varying environment. We consider the variation
budget model, which is able to capture both slowly-
changing and abruptly-changing environments. We de-
rived the dynamic regret bounds for R-GP-UCB and SW-
GP-UCB with a non-Bayesian regularity assumption.
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